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We study conditions on Banach spaces close to separability. We say that a topological space
is pcc if every point-ﬁnite family of open subsets of the space is countable. For a Banach
space E , we say that E is weakly pcc if E , equipped with the weak topology, is pcc, and
we also consider a weaker property: we say that E is half-pcc if every point-ﬁnite family
consisting of half-spaces of E is countable. We show that E is half-pcc if, and only if,
every bounded linear map E → c0(ω1) has separable range. We exhibit a variety of mild
conditions which imply separability of a half-pcc Banach space. For a Banach space C(K ),
we also consider the pcc-property of the topology of pointwise convergence, and we note
that the space Cp(K ) may be pcc even when C(K ) fails to be weakly pcc. We note that
this does not happen when K is scattered, and we provide the following example:
– There exists a non-metrizable scattered compact Hausdorff space K with C(K ) weakly
pcc.
© 2008 Elsevier B.V. All rights reserved.
0. Introduction
In this paper, we study the condition that every point-ﬁnite family of open subsets of a topological space is countable;
we call this the point-ﬁnite countability condition or pcc. We say that a Banach space is weakly pcc if its weak topology is pcc,
and we note that a weakly pcc Banach space is half-pcc: every point-ﬁnite family consisting of half-spaces is countable. We
show that a Banach space E is half-pcc if, and only if, for any set Γ , every bounded linear map E → c0(Γ ) has separable
range. We give various conditions for a half-pcc Banach space to be separable. We also study hereditarily half-pcc Banach
spaces, and we point out connections that these spaces have with spaces deﬁned by various “Kunen–Shelah properties”.
We show that if K is a compact Hausdorff space such that Cp(K ) satisﬁes pcc, then K is metrizable provided that K
is either the continuous image of a Valdivia compact space, a linearly ordered space or the one-point compactiﬁcation of
a tree. We answer some questions of A.V. Arkhangel’skii and others with examples of non-metrizable scattered compact
spaces K with C(K ) weakly pcc.
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Ordinals are sets of smaller ordinals, and cardinals are “initial ordinals”. We also consider ordinals as topological spaces
(“ordinal spaces”): where no other topology is implied for an ordinal α, we consider α to be equipped with its natural order
topology. For example, the symbol ω also denotes a discrete topological space, while the ordinal space ω1 + 1 is compact.
For a set A and a cardinal number κ , we let [A]κ = {B ⊂ A: |B| = κ} and [A]<κ = {B ⊂ A: |B| < κ}. We denote the set
ω \ {0} of natural numbers by N.
For a completely regular topological space X , we denote by βX the maximal (Cˇech–Stone) Hausdorff compactiﬁcation
of X , and we denote by X∗ the remainder βX \ X of X in βX . Thus βω and ω∗ denote, respectively, the Cˇech–Stone
compactiﬁcation and the remainder of the discrete space ω.
For every set Γ , denote by A(Γ ) the one-point compactiﬁcation Γ ∪ {∞} of the discrete space on Γ . Note that A(Φ)
embeds in A(Γ ) if, and only if, |Φ| |Γ |.
A family N of subsets of a topological space X is a network for the topology of X provided that every open subset
of X can be written as the union of some subfamily of N . Note that a network is a base for the topology if, and only if,
it consists of open sets. The density d(X) of X is the least cardinal of a dense subset of X . The space X is monolithic [5]
provided that every subspace A of X has a network of size d(A).
If E is a Banach space or a locally convex topological vector space, we denote by Ew the set E equipped with the
weak topology of E . When K is a compact Hausdorff space, C(K ) denotes the Banach space that one obtains by giving the
“supremum-norm” for the linear space consisting of all real-valued continuous functions on K . We denote by Cw(K ) the
set C(K ) equipped with the weak topology of C(K ) and by Cp(K ) the set C(K ) equipped with the “pointwise topology”
(i.e., the topology of pointwise convergence, that is, the topology inherited from the space RK ). Note that the topology of
pointwise convergence is weaker than the weak topology of C(K ).
A norm ‖ · ‖ on a Banach space E is a Kadecˇ norm provided that the norm topology and the weak topology coincide
on the unit sphere SE = {x ∈ E: ‖x‖ = 1}. If E = C(K ), then we can also deﬁne the stronger notion of a p-Kadecˇ norm by
requiring that the norm topology coincides with the topology of pointwise convergence on SE . The norm ‖ · ‖ of E is locally
uniformly convex (LUR) provided that whenever x ∈ S‖·‖ and xn ∈ S‖·‖ , n ∈ ω, are such that limn→∞ ‖x+ xn‖ = 2, then xn → x
in the norm topology of E . It is well known (see, e.g., [14, Proposition II.1.4]) that every LUR-norm is a Kadecˇ norm, and it
is obvious that every LUR-norm ‖ · ‖ is strictly convex, i.e., satisﬁes the condition that x = y whenever x, y ∈ S‖·‖ are such
that ‖x+ y‖ = 2.
For a family L of sets and for a set A, we let (L)A = {L ∈ L: L ∩ A 
= ∅}; if A = {a}, then we write (L)a in room of (L)A .
A family G of sets is point-ﬁnite (point-countable) provided that, for every x ∈⋃G , the family (G)x if ﬁnite (countable). The
family G is σ -point-ﬁnite if G =⋃n∈ω Gn with each Gn point-ﬁnite. A topological space is metacompact (σ -metacompact,
metaLindelöf ) provided that every open cover of the space has a point-ﬁnite (σ -point-ﬁnite, point-countable) open reﬁne-
ment.
We refer the reader to [14,20,19,6,33] for general background and for deﬁnitions of terms and concepts used below
without deﬁnition.
1. Chain conditions for Banach spaces
It is a fundamental result on weak linear spaces, due to H.H. Corson, that every Bw -space satisﬁes the countable
chain condition (ccc) [12, proof of Lemma 5], and it follows from this that Cp(K ) satisﬁes ccc for every compact Haus-
dorff space K . Since every paracompact ccc-space is Lindelöf, it follows that (hereditary) paracompactness and (hereditary)
Lindelöfness are equivalent for Bw -spaces and Cp(K )-spaces. On the other hand, metacompact ccc-spaces are not always
Lindelöf (see, e.g., [40] or [27]). Here we shall consider a strengthening of the ccc-property which makes a metacompact
(or even σ -metacompact) space Lindelöf. We interpret ccc as an abbreviation of chain countability condition, and we use
the abbreviation pcc for the point-ﬁnite countability condition which requires that every point-ﬁnite family consisting of open
subsets of a topological space is countable. This property seems to have been ﬁrst considered by H.P. Rosenthal, who showed
in [46] that every compact ccc-space is pcc; later it has appeared e.g., in [50,27,51]. In light of Corson’s and Rosenthal’s re-
sults, it is somewhat surprising that the pcc-property of the weak topology implies separability in large classes of familiar
Banach spaces.
The pcc-property lies between the ccc-property and the property that every point-countable open family is countable.
Topological spaces having that property are called Shanin spaces, after N.A. Shanin who introduced the property in [47]
and showed it to be productive (also the term caliber ω1 is used for this property). A.V. Arkhangel’skii and V.V. Tkacˇhuk
showed in [8] that Shanin’s property is very restrictive on Cp(X): they proved that, for a compact Hausdorff space K , the
space Cp(K ) is Shanin if, and only if, K has a small diagonal (i.e., every uncountable set A ⊂ K 2 \ Δ has an uncountable
subset B with B ∩Δ = ∅). Since H. Zhou had shown in [56] it to be consistent with ZFC that every compact Hausdorff space
with a small diagonal is metrizable, Arkhangel’skii and Tkacˇhuk were able to obtain the relative consistency of the assertion
that a compact Hausdorff space K is metrizable if Cp(K ) is Shanin. I. Juhász and Z. Szentmiklóssy showed in [26] that
every compact space with a small diagonal is metrizable under the Continuum Hypothesis (CH). It follows that, under CH,
a compact Hausdorff space K is metrizable if Cp(K ) is Shanin [7]; it is still an open problem (see [7, Problem 68]) whether
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result for weak topologies of Banach spaces follows from the result of Juhász and Szentmiklóssy.
1.1. Proposition (CH). If the weak topology of a Banach space is Shanin, then the space is separable.
Proof. Assume that CH holds, and let E be a Banach space such that Ew is Shanin. Denote by K the compact Hausdorff
space (BE∗ )w∗ . We show that K has a small diagonal. Let A ⊂ K 2 \ Δ be uncountable. Write A = {(φi,ψi): i ∈ I}. For each
i ∈ I , denote by Gi the subset {x ∈ E: φi(x) 
= ψi(x)} of E , and note that Gi is weakly open and non-empty. Since I is un-
countable and Ew satisﬁes Shanin’s condition, there exists z ∈ E such that the set J = {i ∈ I: z ∈ Gi} is uncountable. Further,
there exist r > 0 and an uncountable J ′ ⊂ J such that |φi(z) − ψi(z)|  r for every i ∈ J ′ . Now the set W = {(φ,ψ) ∈ K 2:
|φ(z) − ψ(z)| < r} is open in K 2, contains the diagonal of K 2 and is disjoint from the uncountable subset {(φi,ψi): i ∈ J ′}
of A. We have shown that K has a small diagonal. Since CH holds, the Juhász–Szentmiklóssy result shows that K is metriz-
able. Separability of E now follows by a well-known result from the theory of normed spaces. 
It is still an open problem whether compact Hausdorff spaces with small diagonal are metrizable in ZFC, and it is also
open whether the set-theoretic assumption in Proposition 1.1 is necessary. Note that for the weak∗-topology of a dual
Banach space, the Shanin property does not imply separability: at the end of the paper, we use some arguments from [55]
to show that the weak∗-topology of C(K )∗ is Shanin whenever the compact Hausdorff space K is Shanin. In particular, we
have that the weak∗-topology of C(Iκ )∗ is Shanin for every cardinal κ . Moreover, an examination of [55, proof of (c) ⇒ (a)
in Theorem 10] shows that for every “measure separable” compact Hausdorff space K , the weak∗-topology of C(K )∗∗ is
Shanin.
In the above proposition, one cannot weaken “Shanin” to “pcc”, because K. Kunen has constructed, under CH, a non-
metrizable compact space Ku such that the weak topology of C(Ku) is hereditarily Lindelöf and hence pcc (see [38, Sec-
tion 7]); we shall consider the space C(Ku) in more detail in Section 2 below; we shall also construct an absolute example
of a non-metrizable compact Hausdorff space K such that C(K ) is weakly pcc. Despite these examples, also the pcc-property
is quite restrictive for Ew - and Cp(K )-spaces: we shall indicate below large classes of Banach spaces E for which Ew is pcc
only when E is separable as well as large classes of compact spaces K for which Cp(K ) is pcc only when K is metrizable.
To start our study of pcc spaces, we record some obvious stability properties of these spaces.
1.2. Lemma.
(a) The continuous image of a pcc space is pcc.
(b) If a space is the union of countably many pcc-subspaces, then the space is pcc.
(c) If a space has a dense pcc-subspace, then the space is pcc.
1.3. Corollary. If X is pcc and Y is not pcc, then there is no continuous mapping from X onto a dense subspace of Y .
We say that a Banach space E is weakly pcc if the space Ew is pcc. Note that all separable Banach spaces are weakly
pcc. Several of the results below show that weakly pcc Banach spaces satisfying certain mild additional assumptions are
separable. Some results of this kind follow from earlier results on Cp(K )-spaces, but we shall study C(K )-spaces only after
ﬁrst considering general Banach spaces.
To study separability of weakly pcc Banach spaces, we can use spaces of the form c0(Γ ), where Γ is some set, as “test
spaces”, or we can just use a single space, c0(ω1), for this purpose. We ﬁrst make the following observation.
1.4. Lemma. Let Γ be a set, and let S be a subset of c0(Γ ) such that S is pcc in the relative weak topology. Then S is separable.
Proof. It suﬃces to show that the set Γ ′ = {γ ∈ Γ : yγ 
= 0 for some y ∈ S} is countable. Assume that Γ ′ is uncountable.
Then there exists r > 0 such that the set Γ ′′ = {γ ∈ Γ : |yγ | > r for some y ∈ S} is uncountable. For every γ ∈ Γ ′′ , let
Gγ = {y ∈ S: |yγ | > r}, and note that Gγ is a non-empty relatively weakly open subset of S . For every y ∈ S , the set
{γ ∈ Γ ′′: y ∈ Gγ } is ﬁnite. It follows that {Gγ : γ ∈ Γ ′′} is an uncountable point-ﬁnite family of relatively weakly open
subsets of S , and this is a contradiction. 
1.5. Proposition. The following are equivalent for a Banach space E:
A. E is weakly pcc.
B. For any Γ , every weak-to-weak continuous mapping E → c0(Γ ) has separable range.
C. Every weak-to-weak continuous mapping E → c0(ω1) has separable range.
Proof. The implication A ⇒ B follows by Lemmas 1.2(a) and 1.4.
C ⇒ A: Assume that E is not weakly pcc. Then there exists a point-ﬁnite family {Uα: α ∈ ω1} consisting of distinct
weakly open subsets of E . For every α ∈ ω1, there exists a non-constant, weakly continuous function fα : E → I such that
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are weakly continuous, since the weak topology of c0(ω1) coincides with the topology of pointwise convergence in the
bounded set Bc0(ω1) and since g(E) ⊂ Bc0(ω1) , we see that the mapping g is weak-to-weak continuous. Moreover, g(E) has
the property that, for every α ∈ ω1, there exists z ∈ g(E) with zα 
= 0, and it follows from this that g(E) is non-separable.
Hence condition C fails. 
No linearity is required of the mappings in B and C above, and it would be interesting to know whether we could change
“weak-to-weak continuous mapping” to “bounded linear mapping” above. We do not know if that is possible, but we can
show that also the weaker variations of B and C are equivalent with a pcc-type condition.
Recall that an open (closed) half-space of a Banach space E is a set of the form {x ∈ E: ϕ(x) > a} (of the form {x ∈ E:
ϕ(x)  a}), where ϕ ∈ X∗ and a ∈ R. We say that a Banach space is half-pcc if every point-ﬁnite family consisting of half-
spaces is countable. Here it suﬃces to require that every point-ﬁnite family of open half-spaces is countable. Note that it
follows, since every open half-space is weakly open, that every weakly pcc Banach space is half-pcc.
We do not know whether every half-pcc Banach space is weakly pcc. The open half-spaces form a subbase for the weak
topology, but a topological space is not necessarily pcc even if it has a subbase without uncountable point-ﬁnite subfamilies.
For example, every discrete space and every linearly ordered topological space has a subbase which is the union of two
monotone subfamilies, and every point-ﬁnite subfamily of a monotone family is countable.
For the rest of this section, we shall consider half-pcc Banach spaces, and we shall return to weakly pcc spaces in the
next section. The following theorem states several conditions equivalent with the half-pcc property. As we shall point out
later, some of these equivalent conditions have already been considered in the literature and some of the equivalences
stated below are known results.
1.6. Theorem. The following are equivalent for a Banach space E:
A. E is half-pcc.
B. Every point-ﬁnite family consisting of sets of the form f −1(G), where f ∈ E∗ and G is an open subset of R, is countable.
C. No subspace of E∗ , in the relative weak∗-topology, is homeomorphic with A(ω1).
D. For every set Γ , every bounded linear mapping E → c0(Γ ) has separable range.
E. Every bounded linear mapping E → c0(ω1) has separable range.
Proof. Since the implications D ⇒ E and B ⇒ A are obvious, it suﬃces to prove that A ⇒ D and E ⇒ C ⇒ B.
A ⇒ D: Assume that E is half-pcc, let Γ be a set and let T : E → c0(Γ ) be a bounded linear map. To show that the
subspace T (E) of c0(Γ ) is separable, assume that this is not the case. Then the set A = {α ∈ Γ : yα > 0 for some y ∈ T (E)}
is uncountable. Further, there exists r > 0 such that the set A′ = {α ∈ Γ : yα > r for some y ∈ T (E)} is uncountable. For
every α ∈ A′ , let Gα = {x ∈ E: T (x)α > r}, and note that Gα is a half-space of E . For every x ∈ E , the set Γx = {α ∈ A′:
x ∈ Gα} is ﬁnite. As a consequence, the uncountable family {Gα: α ∈ A′} of half-spaces of E is point-ﬁnite—a contradiction.
It follows that T (E) is separable.
E ⇒ C: Assume that T (E) is separable for every bounded linear mapping T : E → c0(ω1). To show that condition C
holds, assume on the contrary that E∗w∗ contains a homeomorphic copy of A(ω1). Then there exists F ⊂ E∗ such that the
set F ∪ {0}, in the relative w∗-topology, is homeomorphic with A(ω1) and 0 is the non-isolated point of F ∪ {0}. There
exist R > 0 and distinct elements fα , α < ω1, of F such that ‖ fα‖  R for every α. It is easy to see that the formula
T (x) = 〈 fα(x)〉α<ω1 deﬁnes a bounded linear mapping E → c0(ω1), and that the subset T (E) of c0(ω1) is non-separable—
a contradiction. It follows that condition C holds.
C ⇒ B: Assume that E∗w∗ contains no homeomorphic copy of A(ω1). To show that condition B holds, assume on the
contrary that there exist an uncountable set F ⊂ E∗ and non-empty open sets G f ⊂ R, for f ∈ F , such that the family
{ f −1(G f ): f ∈ F } is point-ﬁnite. Without loss of generality, we may assume that |F | = ω1 and there exist M ∈ R and G ⊂ R
such that we have ‖ f ‖ M and G f = G for every f ∈ F .
We show that the subset F ∪ {0} of E∗ , in its relative weak∗-topology, is homeomorphic with A(ω1). It suﬃces to show
that for every weak∗-neighbourhood W of 0, the set F \ W is ﬁnite. Assume on the contrary that there exists a weak∗-
neighbourhood W of 0 such that the set F ′ = F \ W is inﬁnite. There exist a ﬁnite set A ⊂ E and  > 0 such that { f ∈ E∗:
| f (a)| <  for every a ∈ A} ⊂ W . For every f ∈ F ′ , we have that | f (a)|  for some a ∈ A. Since A is ﬁnite and F ′ is inﬁnite,
there exist b ∈ A and an inﬁnite set H ⊂ F ′ such that | f (b)|   for every f ∈ H . We have that | f (b)|  M‖b‖ for every
f ∈ H , and it follows that there exist distinct elements fn of H , for n ∈ N, and a number r ∈ R such that fn(b) → r. We
have that |r|  and hence r 
= 0. Let s ∈ R be such that sr ∈ G . Then we have that fn(sb) → sr, and it follows, since sr ∈ G
and G is open, that we have fn(sb) ∈ G for inﬁnitely many n; this, however, is in contradiction with point-ﬁniteness of the
family { f −1(G): f ∈ F }. Hence F ∪ {0} is homeomorphic with A(ω1), but this contradicts the assumption that condition C
holds. 
Condition D above has appeared in [21, IV.1], where it was observed that Kunen’s space C(Ku) satisﬁes this condition.
P. Holický, M. Šmídek and L. Zajícˇek made a detailed study of Banach spaces admitting “Z-systems” of various (uncountable)
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above. Moreover, Holický, Šmídek and Zajícˇek established the equivalence of conditions C, D and E. In the following, we
shall review and extend some other results of [24].
In the terminology of [8], we can express the equivalence of A and C above in the following form: E is half-pcc if, and
only if, E∗w∗ has countable “Aleksandrov number”.
Let E be a half-pcc Banach space. Even though the space E∗w∗ contains no copy of A(ω1), it may contain other non-
metrizable compact sets: it is well known that a Banach space H is separable if, and only if, every compact subset of H∗w∗
is metrizable. However, the following result obtains.
1.7. Proposition. Let E be a half-pcc Banach space. Then every weakly compact subset of E∗ is metrizable.
Proof. This follows from Theorem 1.6 and the result (essentially due to Corson; see [35, Proposition 3.4] and [45, proof of
Theorem 4.5]) that a Banach space, in its weak topology, contains a copy of A(ω1) in case it contains any non-metrizable
compact subset. 
We do not know whether the half-pcc property enjoys as strong non-linear stability properties as those implied by
Lemma 1.2 for the weak pcc-property, but we have the following result.
1.8. Lemma. If a half-pcc (weakly pcc) Banach space E admits a bounded linear mapping with dense range into a Banach space F ,
then F is half-pcc (weakly pcc).
Proof. For the weak pcc-property, the result follows from Corollary 1.3 since bounded linear mappings are weak-to-weak
continuous. For the half-pcc property, the result follows from Theorem 1.6. 
For “classical” Banach spaces, the half-pcc property agrees with separability:
1.9. Example. ([24])
(i) If c0(Γ ) or p(Γ ), where 1 p < ∞, is half-pcc, then Γ is countable.
(ii) ∞ and ∞/c0 are not half-pcc.
Proof. (i) For E = c0(Γ ) or E = p(Γ ), the natural injection E → c0(Γ ) is bounded, linear and has dense range.
(ii) Rosenthal has shown in [45] that there exists a bounded linear mapping from ∞ onto 2(c), and an examination of
his proof shows that the same holds for ∞/c0. According to (i), 2(c) is not half-pcc, and hence the conclusion, that ∞
and ∞/c0 fail to be half-pcc, follows from Lemma 1.8. 
The space ∞ can be used to give many other examples of non-half-pcc Banach spaces.
1.10. Corollary. If a Banach space E is half-pcc, then no linear subspace and no quotient space of E is isomorphic with ∞ .
Proof. By Lemma 1.8, (linear) quotients of half-pcc Banach spaces are half-pcc. Since ∞ is an injective Banach space,
∞ would be a quotient of E if it were isomorphic with a subspace of E . 
The dual of the separable space 1 fails to be half-pcc, because the dual is isomorphic with ∞ . The above result shows
that no Banach space containing 1 isomorphically has a half-pcc dual: the dual of such a space has a quotient isomorphic
with ∞ .
Rosenthal has shown in [46] that every inﬁnite-dimensional injective Banach space contains an isomorphic copy of ∞ .
As a consequence, we have the following result.
1.11. Corollary. Every injective half-pcc Banach space is ﬁnite-dimensional.
The fact, that no half-pcc Banach space contains an isomorphic copy of ∞ , is not a mere consequence of the failure of
the half-pcc property for ∞ but depends also on injectivity of ∞: later we shall give examples of weakly pcc Banach spaces
which contain isomorphic copies of the non-half-pcc space c0(ω1). Note, however, that according to [24, Proposition 5],
a half-pcc space cannot contain an isomorphic copy of 1(ω1).
The existence of M-bases (= fundamental and total biorthogonal systems) or of projective resolutions of the identity
(PRI’s) are conditions that have been very signiﬁcant and useful in the theory of non-separable Banach spaces. Results
of [24] show that a non-separable half-pcc Banach space can never have an M-base and it can have a PRI only in very
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in a sense, simultaneously generalize M-bases and PRI’s.
We say that a family H of subsets of a topological vector space E is a spanning family if the closed linear span span⋃H
of the set
⋃H equals E . A minimally spanning family is a spanning family such that no proper subfamily of it is spanning.
1.12. Examples. (a) If the closed subspaces H and J of a topological vector space E are quasicomplements of each other
(i.e., H ∩ J = {0} and span(H ∪ J ) = E), then the family {H, J } is minimally spanning.
(b) A biorthogonal system in a Banach space E is a set {(xt , ft): t ∈ T } ⊂ E × E∗ such that for every t ∈ T we have that
ft(xt) = 1 and ft(xs) = 0 for each s ∈ T \ {t}; the system is fundamental if span{xt : t ∈ T } = E , and the system is total if the
functions ft , t ∈ T , separate the points of E . An M-base is a biorthogonal system which is both fundamental and total.
It is easy to see that a biorthogonal system {(xt , ft): t ∈ T } is fundamental if, and only if, the family F = {{xt}: t ∈ T } is
(minimally) spanning.
To indicate the role of the half-pcc property in connection with spanning families, we need the following auxiliary result,
which generalizes [24, Proposition 1].
1.13. Lemma. Let F be a spanning family in the Banach space E and let L = {L ∈ F : F \ {L} is non-spanning}. Then E∗w∗ contains
a copy of A(|L|).
Proof. Since F is spanning, we have, for every L ∈ L, that L 
⊂ span⋃(F \ {L}), and hence we can choose a point
xL ∈ L \ span⋃(F \ {L}) and, further, we can use the Hahn–Banach theorem to obtain a φL ∈ E∗ with ‖φL‖ = 1 such that
φL(xL) 
= 0 and φL ≡ 0 in span⋃(F \{L}). To show that the subset C = {0}∪{φL: L ∈ L} of E∗ , in its relative weak∗-topology,
is homeomorphic with A(|L|), it suﬃces to show that for every sequence (L1, L2, . . .) of distinct members of L and for ev-
ery x ∈ E , we have that φLn (x) → 0 when n → ∞. So let (L1, L2, . . .) and x be given as above, and let ε > 0. Since the
family F is spanning in E , there exist a ﬁnite subfamily J of F and a point z in span⋃J such that ‖z − x‖ < ε. Further,
there exists n0 such that Ln ∈ F \ J for every n > n0. Now, for every n > n0 we have that z ∈ span⋃J ⊂ span⋃(F \ {Ln})
and hence that φLn (z) = 0, and it follows that |φLn (x)| = |φLn (x− z)| |x− z| < ε. We have shown that φLn (x) → 0. 
The following result obtains by Theorem 1.6 and Lemma 1.13.
1.14. Proposition. Every minimally spanning family in a half-pcc Banach space is countable.
1.15. Corollary. ([24]) If a half-pcc Banach space has a fundamental biorthogonal system, then the space is separable.
The above result allows us to derive some results on bounded linear mappings from half-pcc spaces into weakly Lindelöf
determined (WLD) Banach spaces. It has been proved by Valdivia ([53], or see [54]) that every WLD-space has a fundamental
biorthogonal system; hence we see (as in [24, Example 2]) that every half-pcc WLD-space is separable.
1.16. Proposition. The following hold for a bounded linear mapping T from a half-pcc Banach space E into a WLD Banach space H.
A. The subspace T (E) of H is separable.
B. If T is one-to-one, then E∗ is weak∗-separable.
Proof. Let F = T (E). A result of [3] shows that F is WLD. By Lemma 1.8, F is half-pcc. Hence F is separable.
Assume that T is one-to-one. Since F is separable, the space F ∗ is weak∗-separable. Since T is one-to-one, the adjoint
mapping T ∗ : F ∗ → E∗ has dense range; moreover, T ∗ is weak∗-to-weak∗ continuous. As a consequence, E∗ is weak∗-
separable. 
A weak projective resolution of identity (WPRI) for a Banach space E with density κ is a transﬁnite sequence 〈Pα〉ωακ of
bounded projections E → E such that we have Pκ = idE , Pα ◦ Pβ = Pβ ◦ Pα = Pβ whenever ω  β  α  κ and, for every
ω α  κ , we have that
⋃
β<α Pβ+1(E) = Pα(E) and, if α < κ , then d(Pα(E)) < κ .
If we also assume above that ‖Pα‖ = 1 and d(Pα(E))  |α|, for each α, then we have the standard deﬁnition of a PRI.
These resolutions were introduced by J. Lindenstrauss, and in [1], D. Amir and Lindenstrauss showed that every weakly
compactly generated Banach space admits a PRI; this result has been extended by many authors, see e.g. [36, Section 4].
In [4] and [53] it is shown that C(K ) has a PRI whenever K is Valdivia compact. Various generalizations of PRI’s have been
considered for example in [30,42,31].
1.17. Lemma. Let 〈Pα〉ωακ be a WPRI for a Banach space E. Then the family
F = {Pω(E)}∪ {(Pα+1 − Pα)(E): ω α < κ and Pα+1 
= Pα}
is minimally spanning.
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is spanning in the subspace Pβ(E). It follows that F is spanning in E . Moreover, for every ω β < κ , we have on one hand
that Pω(E) ∪⋃ωγ<β(Pγ+1 − Pγ )(E) ⊂ Pβ(E) ⊂ Ker(Pβ+1 − Pβ) and on the other hand that ⋃β<γ<κ(Pγ+1 − Pγ )(E) ⊂
Ker(Pβ+1) ⊂ Ker(Pβ+1 − Pβ). It follows that the family F is minimally spanning. 
D. Stoeva [49] considers “semi-PRI’s”, which can be deﬁned by changing the condition
⋃
β<α Pβ+1(E) = Pα(E) in the
deﬁnition of WPRI’s above to the (weaker) condition that the family {Pω(E)} ∪ {(Pα+1 − Pα)(E): ω α < κ} is spanning.
For PRI’s, the following result can be derived from [24, Remark 5(ii)].
1.18. Proposition. If a half-pcc Banach space has a WPRI, then the density character of the space has countable coﬁnality.
Proof. Let 〈Pα〉ωακ be a WPRI for a non-separable half-pcc Banach space E . By Lemma 1.17, the family
F = {Pω(E)}∪ {(Pα+1 − Pα)(E): ω α < κ and Pα+1 
= Pα}
is minimally spanning in E . By Proposition 1.14, the family F is countable; hence the set A = {α < κ: Pα+1 
= Pα} is
countable. It is easy to see that A is coﬁnal in κ . 
In particular, we see that if E is a half-pcc Banach space with a WPRI, then the density of E cannot be ω1 or c. The
reason why we are not able to strengthen the conclusion in the above proposition to separability of the space is that, for
a Banach space whose density has countable coﬁnality, the existence of a (weak) PRI follows from conditions which appear
much weaker than the deﬁning conditions: such a Banach space E has a WPRI (a PRI) provided that there exist bounded
(norm-one) projections Pn , n ∈ ω, on E such that the set ⋃∞n=0 Pn(E) is dense in E and, for each n ∈ ω, we have that
Pn+1 ◦ Pn = Pn and d(Pn(E)) < d(E).
Note that if a half-pcc Banach space E has a WPRI 〈Pα〉ωακ satisfying the condition on densities in the stronger
form that d(Pα(E)) = |α| for each α, then E has to be separable, because if it were the case that κ > ω, then 〈Pα〉ωαω1
would be a WPRI for Pω1 (E) and we would have a contradiction with Proposition 1.18 (the space Pω1 (E) is half-pcc, by
Lemma 1.8). In particular, a half-pcc Banach space is separable provided that the space has a “strong PRI”, in the sense
of [30, Deﬁnition 4.5] (that deﬁnition also introduces “weak PRI”s, but they differ from our WPRI’s in that the projections
are required to be of norm-one).
Another situation which allows one to carry out the needed transﬁnite induction arguments is the following. We say that
a class P of Banach spaces is a (W)PRI-class if every E ∈ P admits a (W)PRI 〈Pα〉ωακ such that Pα(E) ∈ P for every α.
1.19. Proposition. Every half-pcc space belonging to a WPRI-class is separable.
Proof. Assume on the contrary that there exists a WPRI-class P such that the subclass P ′ = {E ∈ P: E is half-pcc but
not separable} is non-empty. Denote by κ the least cardinal in {d(E): E ∈ P ′}, and let E ∈ P ′ be such that d(E) = κ . Let
〈Pα〉ωακ be a WPRI for E with Pα(E) ∈ P for each α. For each α < κ , we have that d(Pα(E)) < κ and it follows by the
minimality of κ that we have Pα(E) /∈ P ′; from this it further follows by the deﬁnition of P ′ , since Pα(E) is half-pcc by
Lemma 1.8, that Pα(E) is separable. By Proposition 1.18, we have that cof(κ) = ω. Let J be a countable set coﬁnal in κ .
Then the set
⋃
α∈ J Pα(E) is separable and dense in E in contradiction with E ∈ P ′ . 
One large PRI-class is formed by the Banach spaces which have a “projectional generator” (see [20] or [10, Theorem 5.1]);
by results in [20], this class contains all WLD Banach spaces as well as all duals of Asplund spaces. In [39] it shown that
a Banach space of density ω1 has a projectional generator provided the space has a PRI.
V. Zizler ([57], or see [14, Theorem 7.1.8]) has shown that every Banach space belonging to some PRI-class has an
equivalent LUR-norm; this result and Proposition 1.19 motivate the question, whether a half-pcc (or weakly pcc) Banach
space has to be separable if the space has an equivalent LUR-norm? However, it turns out that the answer to this question
is negative, as an example in the next section will show.
We have seen in Corollary 1.15 above that no Banach space with an uncountable fundamental biorthogonal system can
be half-pcc. Note that, for every biorthogonal system {(xt , ft): t ∈ T }, the subspace F = span{xt : t ∈ T } has a fundamental
biorthogonal system {(xt , ft |F ): t ∈ T }. We call a Banach space hereditarily half-pcc if every closed linear subspace of the
space is half-pcc, and we can state the preceding observations in the following way.
1.20. Corollary. Every biorthogonal system in a hereditarily half-pcc space is countable.
We do not know if the above result has a converse:
1.21. Problem. Let E be a Banach space such that every biorthogonal system in E is countable. Is E half-pcc?
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biorthogonal system. Note that any closed linear subspace of a space c0(Γ ) is known to have a fundamental biorthogonal
system (because the subspace is WCG; see [15, p. 196]).
A. Plichko has shown in [41] that every Banach space admits a total biorthogonal system. Moreover, it is easy to see
and well known that a biorthogonal system {(xt , ft): t ∈ T } is total over E if, and only if, the linear span of { ft : t ∈ T } is
weak∗-dense in E∗ . As a consequence, E∗ is weak∗-separable if every biorthogonal system in E is countable (for a direct
proof of this, see [34, proof of Theorem 1]). In particular, it follows from the preceding corollary that E∗ is weak∗-separable
whenever E is hereditarily half-pcc.
We shall now exhibit a condition, stronger than the non-existence of an uncountable biorthogonal system, which implies
the half-pcc property; our next result also allows us to indicate a second (consistent) example of a non-separable half-pcc
Banach space.
We say that a normed space E has Property S provided that, for every uncountable A ⊂ E , there exists a ∈ A such that
a ∈ conv(A \ {a}). It is obvious that if E has Property S , then every linear quotient and every linear subspace of E has S .
Moreover, the following result obtains.
1.22. Lemma. Let E be a normed space and H a dense linear subspace of E. If H has Property S, then every biorthogonal system in E
is countable.
Proof. Assume on the contrary that H has Property S and E has an uncountable biorthogonal system {(xt , ft): t ∈ T }.
We may assume that ‖ ft‖ = 1 for every t ∈ T . For every t ∈ T , let at ∈ H be such that ‖at − xt‖ < 14 , and note that
| ft(at)| | ft(xt)| − | ft(at − xt)| > 34 . Also note that for t 
= s, we have that ‖xt − xs‖ | ft(xt − xs)| = 1, and it follows that
at 
= as .
The set A = {at : t ∈ T } ⊂ H is uncountable, and hence there exists s ∈ T such that as ∈ conv(A \ {as}). We can ﬁnd
t1, . . . , tn in T \ {s} and r1, . . . , rn in R+ such that ∑ni=1 ri = 1 and ‖as −∑ni=1 riati‖ < 12 . For every i = 1, . . . ,n, we have that
f s(xti ) = 0 and hence that | f s(ati )| = | f s(ati − xti )| ‖ati − xti‖ < 14 . It follows that∣∣∣∣∣ f s
(
as −
n∑
i=1
riati
)∣∣∣∣∣=
∣∣∣∣∣ f s(as) −
n∑
i=1
ri f s(ati )
∣∣∣∣∣> 34 −
n∑
i=1
ri
∣∣ f s(ati )∣∣ 34 − 14
n∑
i=1
ri = 12 ;
this, however, is in contradiction with ‖ f s‖ = 1 and ‖as −∑ni=1 riati‖ < 12 . 
1.23. Proposition. A Banach space with Property S is hereditarily half-pcc.
Proof. Assume that E is a Banach space with Property S and T is a bounded linear map E → c0(Γ ). The subspace T (E)
of c0(Γ ) has Property S , and it follows by the above lemma that every biorthogonal system in the subspace T (H) is count-
able. Since the closed subspace T (H) of c0(Γ ) has a fundamental biorthogonal system, it follows that T (H) is separable.
We have shown that a Banach space with Property S is half-pcc. The hereditary half-pcc property follows, since Prop-
erty S is inherited by linear subspaces. 
Later we shall give examples of half-pcc Banach spaces which are not hereditarily half-pcc.
S. Shelah [48] has given an example, under the set-theoretic axiom ♦, of a non-separable Banach space Sh with Prop-
erty S . By the above result, the space Sh is (hereditarily) half-pcc; we do not know whether Sh is weakly pcc.
Note that if A is a subset of a normed space E such that we have a /∈ conv(A \ {a}) for each a ∈ A, then A is a discrete
subset of Ew ; it follows that every weakly hereditarily Lindelöf Banach space, such as Kunen’s space C(Ku) mentioned
above, has Property S (this has been noted in [38, Theorem 7.7]).
Recently, a whole sequence KS0,KS1, . . . ,KS7 of successively stronger Kunen–Shelah properties of a Banach space have
been considered in [22]; some of those properties coincide with other “almost separability” properties: KS2 is the condition
that every biorthogonal system is countable, KS4 and KS5 coincide with Property S and KS6 is equivalent with weak hered-
itary Lindelöfness. By Corollary 1.20 and Proposition 1.23, we have that KS4 implies the hereditary half-pcc property which
in turn implies KS2.
We note here that most of the above-mentioned Kunen–Shelah properties are quite close to separability: it is known that,
under CH, there is a non-separable Banach space (Kunen’s space C(Ku)) satisfying all of these properties, but a remarkable
recent result of S. Todorcˇevic´ [52, Corollary 7] shows it to be consistent with ZFC that no non-separable Banach space
has property KS2. Hence it is consistent that every hereditarily half-pcc Banach space is separable (and thus also that
Problem 1.21 has a positive solution). Todorcˇevic´ also shows that it is consistent that there is no half-pcc Banach space of
density ω1 [52, Corollary 6]; this result raises the question whether it is consistent with ZFC that every half-pcc Banach
space is separable? However, we shall see in the next section that there exist examples of non-separable weakly pcc Banach
spaces in ZFC.
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Next we shall study the pcc-property for weak topologies of function spaces C(K ), where K is a compact Hausdorff space.
We say that C(K ) is pointwise pcc if the space Cp(K ) is pcc. For some familiar classes of compact spaces K , it has already
been established that C(K ) is pointwise pcc only when K is metrizable: this was shown for all dyadic compact spaces and
all Eberlein compact spaces in [7] and for all Corson compact spaces in [28]. We shall establish below the corresponding
result for one-point compactiﬁcations of tree-spaces, for compact linearly ordered spaces and for continuous images of
Valdivia compact spaces. Despite these results, there also exist non-metrizable compact Hausdorff spaces K with C(K )
pointwise pcc.
Note that if a Banach space of the form C(K ) is weakly pcc, then it is also pointwise pcc. The following shows that one
has to be careful trying to draw conclusions in the other direction.
2.1. Proposition. Let K be an extremally disconnected compact Hausdorff space.
A. ([8]) The space C(K ) is pointwise pcc.
B. The space C(K ) is half-pcc only if K is ﬁnite.
Proof. B. Since K is extremally disconnected, the Banach space C(K ) is injective, and the conclusion follows from Corol-
lary 1.11. 
In particular, the space C(βω) is pointwise pcc but not weakly pcc.
Arkhangel’skii and Tkacˇhuk have characterized the pointwise pcc-property of C(K ) in terms of properties of the (compact
Hausdorff) space K . To state the characterization, we need the following notation: for n > 1, we let Δn = {(x1, . . . , xn) ∈ Kn:
xi = x j for some i 
= j}. Note that the set Δ2 coincides with the usual diagonal Δ of K 2.
Recall that a topological space X is ω1-compact if every uncountable subset of X has a cluster point, and note that a
T1-space has this property if, and only if, every closed discrete subset of the space is countable.
The following is a straightforward translation of a part of [8, Proposition 2.7].
2.2. Proposition. ([8]) Let K be a compact Hausdorff space. The space C(K ) is pointwise pcc if, and only if, the space Kn \ Δn is
ω1-compact for every n ∈ N.
An equivalent condition, more natural than the above when n > 2, can be given in terms of ω1-compactness of the
“hyperspaces” [K ]n , equipped with Vietoris topology.
Note that if K is a compact Hausdorff space and C(K ) is pointwise pcc, then for every x ∈ K , the subspace K \ {x} of K
is ω1-compact, because it is homeomorphic with the closed subspace (K × {x}) \ Δ of K 2 \ Δ.
The following simple result is useful when one is looking for examples C(K )-spaces which fail to be half-pcc or pointwise
pcc.
2.3. Lemma. Let K be a compact Hausdorff space. Assume that K 2 \ Δ has an uncountable subset A such that we have B ∩ Δ 
= ∅ for
every inﬁnite B ⊂ A. Then C(K ) is not pointwise pcc or half-pcc.
Proof. It is easy to see that the sets G(x,y) = { f ∈ C(K ): f (x) < −1 and f (y) > 1}, for (x, y) ∈ A, form an uncountable
point-ﬁnite open family in Cp(K ).
Let C ∈ [A]ω1 . For every (x, y) ∈ C , deﬁne φ(x,y) ∈ C(K )∗ by the formula φ(x,y)( f ) = f (x)− f (y). It is easy to see that the
set {φ(x,y): (x, y) ∈ C} ∪ {0}, in its relative weak∗-topology, is homeomorphic with A(ω1). By Corollary 1.10, C(K ) fails to be
half-pcc. 
The above lemma allows us exhibit two typical spaces whose function spaces lack the chain conditions we are consider-
ing.
2.4. Example. C(K ) is not pointwise pcc or half-pcc when K is
(a) the ordinal space ω1 + 1;
(b) the space A(ω1).
Proof. (a) The set A = {(α,α+1): α < ω1} has the property required in the above lemma: if B ⊂ A is inﬁnite, then there are
(αn,αn + 1) ∈ B , n ∈ N, such that αn < αn+1 for each n, and we then have, for β = supn∈N αn , that (αn,αn+1) → (β,β) ∈ Δ.
(b) The set A = {(α,∞): α ∈ ω1} satisﬁes the condition from the above lemma: we have that (βn,∞) → (∞,∞) ∈ Δ
whenever βn , n ∈ N, are distinct elements of ω1. 
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C(F ) is pointwise pcc (half-pcc).
Proof. Since F is closed in K , the restriction mapping r :C(K ) → C(F ) is onto. Moreover, r is a bounded linear mapping,
and r is continuous Cp(K ) → Cp(F ). Since Cp(K ) is pcc (C(K ) is half-pcc), it follows by Lemma 1.2(a) (by Lemma 1.8) that
Cp(F ) is pcc (C(K ) is half-pcc). 
Remark. Let K be a compact Hausdorff space. Note that if A ⊂ K is homeomorphic with ω1, then the closure of A in K is
homeomorphic with ω1 + 1. Hence it follows from Example 2.4 and Lemma 2.5 that if C(K ) is pointwise pcc or half-pcc,
then K cannot contain any copy of ω1 or A(ω1) (for the case of A(ω1) and pointwise pcc, this has been noted by Tkacˇhuk
in [51]).
We now illustrate the use of “forbidden subspaces” as indicated above.
Denote by D the discrete two-point space {0,1}.
2.6. Example. The space C(Dω1 ) is not pointwise pcc or half-pcc.
Proof. This follows from Example 2.4 and Lemma 2.5, since the subspace {〈xα〉α<ω1 ∈ Dω1 : xα = 1 for at most one α < ω1}
of Dω1 is homeomorphic with A(ω1). 
The pointwise case of the example was established in [7], where it was also used to derive the result that a dyadic
compact space K is metrizable in case Cp(K ) is pcc. We record here another consequence of the example.
2.7. Proposition. Let K =∏i∈I Ki be a compact Hausdorff space such that C(K ) is pointwise pcc or half-pcc. Then the set {i ∈ I:|Ki | > 1} is countable.
Proof. If the set in question was uncountable, then K would contain a homeomorphic copy of Dω1 , and it would follow
from Lemma 2.5 and Example 2.6 that C(K ) is neither pointwise pcc nor half-pcc. 
Note that if each Ki above is metrizable, then also the space K will be metrizable. Hence the above result, together with
Propositions 2.8, 2.11 and Lemma 2.13 below, yield large classes C of compact Hausdorff spaces such that, for spaces K in C ,
the pointwise pcc-property of C(K ) implies metrizability of K .
Our next result extends the result of [28] that a Corson compact space X is metrizable if C(X) is pointwise pcc.
2.8. Proposition. Let K be a Hausdorff space such that K is the continuous image of a Valdivia compact space and C(K ) is pointwise
pcc. Then K is metrizable.
Proof. By Example 2.4 and Lemma 2.5, K contains no copy of ω1 + 1. It follows, by a result of [29], that K is Corson
compact, and the conclusion, that K is metrizable, follows from the result of [28]. 
Next we show that also for linearly orderable compact spaces K we have that C(K ) is pointwise pcc only if K is
metrizable. We also note that the suﬃcient condition given in Lemma 2.3 for C(X) not to be pointwise pcc is (at least
consistently) not always necessary.
We need some auxiliary results. First we characterize ω1-compactness of K 2 \Δ for a compact linearly ordered topolog-
ical space K .
2.9. Proposition. Let K be a compact space, whose topology is deﬁned by a strict linear order ≺. Then K 2 \ Δ is ω1-compact if, and
only if, K is ccc and the order ≺ has at most countably many gaps.
Proof. For all x, y ∈ K , denote the open ≺-interval {z ∈ K : x ≺ z ≺ y} by I(x, y).
Necessity. Assume that K 2 \ Δ is ω1-compact. To show that K is ccc and the order ≺ has at most countably many gaps,
we assume that one of these two conditions fails, and we derive a contradiction from each assumption.
(a) Assume that the order ≺ has uncountably many gaps. Then there exists an uncountable subset S of K 2 such that,
for every (x, y) ∈ S , the points x and y are end-points of a gap of ≺ and x ≺ y. The set S is closed and discrete in
K 2 \ Δ, because for every (a,b) ∈ K 2 \ Δ, if U and V are disjoint open ≺-intervals around a and b, respectively, then the
neighbourhood U × V of (a,b) in K 2 \ Δ contains at most one point of S . As a consequence, K 2 \ Δ is not ω1-compact—
a contradiction.
(b) Assume that K is not ccc. If ≺ has uncountably many gaps, then K 2 \ Δ is non-ω1-compact by (a). Hence we may
assume that ≺ has only countably many gaps. Let G be the (countable) set consisting of end-points of gaps of ≺. Since K
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open ≺-intervals, each of which is non-empty and disjoint from G . Every set V ∈ V is inﬁnite, and we can choose xV and
yV from V with xV ≺ yV . A similar argument as in (a) shows that the uncountable subset S = {(xV , yV ): V ∈ V} of K 2 \ Δ
is closed and discrete. Again, we have a contradiction.
Suﬃciency. Assume that K is ccc and the order ≺ has at most countably many gaps. To show that K 2 \Δ is ω1-compact,
let A ⊂ K 2 \Δ be uncountable. Then there are distinct (xα, yα) ∈ A, for α ∈ ω1, such that we have, say, xα ≺ yα for each α;
we may also assume that for no α are both xα and yα end-points of gaps of the order ≺. To show that A is not closed
discrete in K 2 \ Δ, it suﬃces to show that the subset A′ = {(xα, yα): α < ω1} of A has a cluster point in K 2 \ Δ. By
compactness of K 2, we get the desired conclusion as soon as we ﬁnd an inﬁnite subset of A′ which has no cluster point in
the set Δ.
Let Iα = I(xα, yα) for every α < ω1, and note that these sets are mutually distinct. Let I = {Iα: α < ω1}. For every
E ⊂ K , let HE = {α ∈ ω1: E ⊂ Iα}, and note that if |E| > 1, then no cluster point of the set {(xα, yα): α ∈ HE } belongs to
the set Δ. As a consequence, our proof is completed once we show that there exists a non-empty, non-singleton set E ⊂ K
such that the set HE is inﬁnite. Let us assume on the contrary that HE is ﬁnite whenever E ⊂ K and |E| > 1. Then, for
every I ∈ I , the set HI is ﬁnite, and hence I contains no strictly increasing inﬁnite sequences of sets. It follows that we can
write I =⋃γ<λ Iγ , where λ is some ordinal, in such a way that, for every γ , we have that Iγ 
= ∅ and Iγ is the family
consisting of all maximal (with respect to containment) sets of the family I \⋃δ<γ Iδ . For all γ < λ and I ∈ Iγ , if δ < γ ,
then I is contained in some set of the family Iδ . It follows from the foregoing, since the subfamilies Iδ , δ < λ, of I are
mutually disjoint and since every I ∈ I is contained in only ﬁnitely many sets I ′ ∈ I , that we must have λ ω. From this
it further follows that there exists n < ω such that the family In is uncountable. Since the compact ccc-space K is pcc, by
the result of Rosenthal mentioned above, the family In cannot be point-ﬁnite. Let z ∈ K be such that the family (In)z is
inﬁnite. Set L = {α < ω1: Iα ∈ (In)z}. If x, y ∈ K and x ≺ z ≺ y, then it follows from ﬁniteness of the sets H{x,z} and H{y,z} ,
that we have Iα ⊂ I(x, y) for some α ∈ L. The foregoing shows that the inﬁnite family (In)z is a neighbourhood-base at z;
this, however, is impossible because no two sets in In are related by inclusion. 
We can apply Proposition 2.9 with the “two arrows” space L. This is a separable compact space, whose topology is
deﬁned by a linear order with c-many gaps. Proposition 2.9 shows that L2 \ Δ is not ω1-compact, and Proposition 2.2
shows further that C(L) is not pointwise pcc. It follows, since the Helly space H contains a copy of L, that C(H) is not
pointwise pcc.
Next we give a necessary condition for K 3 \ Δ3 to be ω1-compact when K is compact and orderable.
2.10. Lemma. Let K be a linearly orderable compact space such that K 3 \ Δ3 is ω1-compact. Then K is separable.
Proof. We assume that K is non-separable, and we derive a contradiction from this assumption.
Denote by G the set consisting of end-points of gaps of ≺. We assume ﬁrst that the set G is uncountable. Then the proof
of Proposition 2.9 shows that there exists an uncountable closed discrete subset S of K 2 \Δ such that S ⊂ G2. Let p ∈ K \G .
Then the set {(x, y, p): (x, y) ∈ S} is a closed and discrete subset of K 3 \ Δ3—a contradiction.
Next we assume that G is countable. Using non-separability of K and transﬁnite induction, we can deﬁne a subset
S = {(xα, yα, zα): α < ω1} of K 3 such that, for each α, we have that xα ≺ yα ≺ zα and the interval I(xα, zα) is disjoint
from the set G ∪⋃β<α{xβ, yβ, zβ}. We show that the subset S of K 3 \Δ3 is closed and discrete. Let (a,b, c) ∈ K 3 \Δ3, and
let U , V and W be disjoint open ≺-intervals around a, b and c, respectively. We show that the neighbourhood U × V × W
of (a,b, c) in K 3 \ Δ3 contains at most one point of S . Assume on the contrary that there exist β < α < ω1 such that
(xβ, yβ, zβ), (xα, yα, zα) ∈ U × V ×W . Since we have xα ≺ yα ≺ zα and xα ∈ U , yα ∈ V and zα ∈ W , and since U , V and W
are disjoint ≺-intervals, we must have that V ⊂ I(xα, zα). However, this contradicts the choice of (xα, yα, zα), because we
have β < α and yβ ∈ V . This contradiction shows that the neighbourhood U × V ×W of (a,b, c) contains at most one point
of S . We have shown that the uncountable subset S of K 3 \ Δ3 is closed and discrete. Again we have a contradiction. 
2.11. Proposition. Let K be a compact linearly orderable space such that C(K ) is pointwise pcc. Then K is metrizable.
Proof. Let ≺ be a strict linear order on K such that the topology of K coincides with order topology deﬁned by ≺. It
follows by Propositions 2.2 and 2.9 and Lemma 2.10 that the order ≺ has at most countably many gaps and the space K
is separable. It is well known that every separable linearly ordered topological space, whose order has at most countably
many gaps, is metrizable. 
A Souslin line is a connected linearly ordered space which has no smallest element and no largest element, and which is
ccc but not separable; these lines exist, e.g., under the set-theoretic principle ♦ (see [33]). A Souslin line can be compactiﬁed
by adding a smallest and a largest element, and Proposition 2.9 and Lemma 2.10 can be applied on the compactiﬁcation.
2.12. Corollary. Let K be a compactiﬁed Souslin line. Then K 2 \ Δ is ω1-compact, but K 3 \ Δ3 is not.
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spaces, the situation indicated in Proposition 2.1 cannot occur.
2.13. Lemma. Let K be a scattered compact space. Then C(K ) is weakly pcc if, and only if, C(K ) is pointwise pcc.
Proof. If the weak topology is pcc, then the coarser pointwise topology is also pcc.
Assume that Cp(K ) is pcc. Denote by ‖ · ‖ the supremum-norm of C(K ), and let U = { f ∈ C(K ): ‖ f ‖  1}. As no-
ticed in [55, proof of Theorem 2], one can deﬁne a continuous retraction φ from Cp(K ) to the subspace U by the formula
(φ( f ))(x) = max(−1,min(1, f (x))). As a consequence, the subspace U of Cp(K ) is pcc. According to a result of Grothendieck,
the weak topology and the pointwise topology agree on the bounded subset U of C(K ). Hence the subspace U of Cw(K )
is pcc, and it follows that Cw(K ) is the union of countably many pcc-subspaces, and from this it further follows, by
Lemma 1.2(b), that Cw(K ) is pcc. 
We shall next prove a result on tree-spaces which has some of the examples above as special cases. We consider here
a tree T as a topological space, equipped with the usual interval topology, and we denote by T the compactiﬁed tree T , i.e.,
the one-point compactiﬁcation of the space T (if T itself is compact, we set T = T ). Note that if C(T ) is weakly pcc, then
Example 2.4 and Lemma 2.5 show that every chain of T is countable (because T cannot contain a copy of ω1), and every
antichain of T is countable (because T cannot contain a copy of A(ω1)). In other words, if C(T ) is weakly pcc, then T is
either countable or a Souslin tree. It turns out that only one of the two alternatives can hold.
2.14. Proposition. Let T be a tree. Then C(T ) is weakly pcc if, and only if, T is countable.
Proof. Suﬃciency of the condition is obvious. To prove necessity, assume that C(T ) is weakly pcc. Then Cp(T ) is pcc.
By [18, Corollary 1.7], Cp(T ) is hereditary σ -metacompact. It follows that every open subspace of Cp(T ) is Lindelöf. For
every t ∈ T , let Gt = { f ∈ C(T ): f (t) > 0}. Then there exists a countable subset S of T such that ⋃t∈T Gt =⋃t∈S Gt . Now it
is easy to see that the set S is dense in T . As a consequence, T has only countably many isolated points. The conclusion,
that T is countable, now follows because T has no uncountable chains or antichains. 
Since the compactiﬁed trees form a substantial subclass of compact scattered spaces, the above result suggests the ques-
tion whether a compact scattered space K would have to be countable for C(K ) to be weakly pcc? However, Kunen’s
compact space Ku mentioned above shows that the answer to this question is at least consistently “no”: Ku is non-
metrizable and scattered, but the space C(Ku) is weakly hereditarily Lindelöf and hence weakly pcc. Since Ku is hereditarily
separable, this example leaves open the question whether a compact scattered space K would have to be separable for C(K )
to be weakly pcc? We shall now present two examples, in ZFC, one of which shows that also the answer to the second ques-
tion is “no”; our examples also answer a question from [24].
To construct the examples, we need the notion of n-cardinality, due to E.K. van Douwen and T. Przymusin´ski [43]: for
a subset A of Rn , the n-cardinality of A can be characterized as the largest cardinal number |B|, where B is a subset of A
satisfying the following condition:
{x1, . . . , xn} ∩ {y1, . . . , yn} = ∅ whenever (x1, . . . , xn) ∈ B and (y1, . . . , yn) ∈ B are distinct.
2.15. Example. There exists a non-metrizable separable scattered compact Hausdorff space K1 such that C(K1) is weakly
pcc.
Proof. In this proof A, for A ⊂ Rn , always denotes the closure of A with respect to the usual (euclidean) topology of Rn . We
shall deﬁne inductively a sequence 〈An〉n∈N of disjoint subsets of R and a topology τ on the set B =⋃n∈N An; the space K1
will be the one-point compactiﬁcation of B .
For every n ∈ N, denote by Cn the collection of all countable sets C ⊂ Rn such that the set C is disjoint from Δn and
has uncountable n-cardinality. Enumerate the family C =⋃n∈N Cn as {Cα: α < c}. For every α < c, deﬁne nα ∈ N by the
condition that Cα ⊂ Rnα .
By Theorem 1 of [43], a closed subset of Rn of uncountable n-cardinality has n-cardinality c. Using this fact and transﬁ-
nite induction, we can deﬁne points (xkα,1, . . . , x
k
α,nα ) of Cα , for α < c and k = 1,2, . . . , in such a way that we have xkα,i 
= xβ, j
whenever (β, i,k) 
= (α, j, ).
We set A1 = Q. For k > 1, if A1, . . . , Ak−1 have been deﬁned, then we set Bk−1 =⋃k−1i=1 Ai , and we set Ek = {α < c:
Cα ⊂ Bnαk−1} and Ak = {xkα,i: α ∈ Ek and i  nα}. Finally, we set B =
⋃
k∈N Bk =
⋃
k∈N Ak .
Next we deﬁne, for every p ∈ B , a set Sp as follows. For p ∈ A1, we set Sp = ∅. Let k > 1, and let α ∈ Ek . There exists
a sequence 〈(ckα,1(), . . . , ckα,nα ())〉∞=1 of points of Cα converging to (xkα,1, . . . , xkα,nα ) in the usual topology of Rnα . We now
set Sxk = {ckα,i():  ∈ N} for every i mα .α,i
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be the discrete topology of B1. If τk−1 has already been deﬁned, then we deﬁne τk so that (Bk−1, τk−1) is an open sub-
space of (Bk, τk) and points p ∈ Ak have the following kind of neighbourhoods: we write Sp = {r1, r2, . . .}, and for each
i ∈ N, we choose a compact open neighbourhood Gi of ri in (Bk−1, τk−1) such that Gi has euclidean diameter less than 1i ;
a neighbourhood-base for p in (Bk, τk) is formed by the sets {p} ∪⋃∞i= Gi . In this way we obtain a locally compact, locally
countable topology τk of Bk which is ﬁner than the relative euclidean topology of Bk . By induction on k, we see that the
set B1 = Q is dense in (Bk, τk) for every k ∈ N.
The family B =⋃i∈N τi is a base for a locally compact, locally countable topology τ of the set B . The topology τ is ﬁner
than the relative euclidean topology, and hence τ is Hausdorff. We let K1 be the one-point compactiﬁcation of (B, τ ), and
we note that the set Q is dense in K1. Note that the A2 is a discrete subset of K1 and that |A2| = c. As a consequence, the
space K1 is non-metrizable.
To show that C(K1) is weakly pcc it suﬃces, by Lemma 2.13 and Proposition 2.2, to show that Kn1 \Δn is ω1-compact for
every n ∈ N. Let n ∈ N and let T ⊂ Kn1 \ Δn be uncountable. Then there exist a euclidean neighbourhood U of Δn in Rn and
k > 1 such that the set T ′ = (T ∩ Bnk−1) \ U is uncountable. By using the Δ-system lemma, we can ﬁnd a set J ⊂ {1, . . . ,n},
elements a j of Bk−1 for j ∈ J and an uncountable set T ′′ ⊂ T ′ such that, for every (x1, . . . , xn) ∈ T ′′ , we have that xi = ai for
every i ∈ J , and the family {{xi: i ∈ {1, . . . ,n} \ J }: (x1, . . . , xn) ∈ T ′′} is disjoint. Let {1, . . . ,n} \ J = {i1, . . . , ip}. Then the set
W = {(xi1 , . . . , xip ): (x1, . . . , xn) ∈ T ′′} has uncountable p-cardinality. Since T ′′ ⊂ T ′ ⊂ Rn \U , we have that W ∩Δp = ∅. Let C
be a countable subset of W which is dense in W in the relative euclidean topology. We then have that C ∈ Cp and hence
there exists α < c such that C = Cα . Since T ′′ ⊂ T ′ ⊂ Bnk−1, it follows from the deﬁnition of W that we have Cα ⊂ W ⊂ Bpk−1.
As a consequence, we have that α ∈ Ek . Now we have, for every i  p, that ckα,i() → xkα,i in the topology τ . We deﬁne points
(z1, . . . , zn) and (d1(), . . . ,dn()), for  ∈ N, of Kn1 by setting di() = zi = ai for i ∈ J and dih () = ckα,h() and zih = xkα,h for
h = 1, . . . , p. Then we have that (d1(), . . . ,dn()) ∈ T ′′ ⊂ T for every  ∈ N, and that (d1(), . . . ,dn()) → (z1, . . . , zn) in the
topology τn . It follows that the set T is not closed discrete. We have shown that the space Kn1 \ Δn is ω1-compact. 
We present a slight modiﬁcation of the above example.
2.16. Example. There exists a non-separable scattered compact Hausdorff space K2 such that C(K2) is weakly pcc.
Proof. We let K1 be the space of the previous example and we denote by K2 the closed subspace K1 \Q =⋃∞n=2 An of K1.
Now the uncountable set A2 consists of isolated points of K2 and hence K2 is non-separable. It follows from Lemma 2.5
and Example 2.15 that the space C(K2) is weakly pcc. 
Remarks. (i) The space B appearing in the construction of Example 2.15 is related to the space Γ from [17].
(ii) Results of [37] and [23] show that the non-separable weakly pcc Banach spaces C(K1) and C(K2) are Asplund and
LUR-renormable. By a remark following Proposition 1.19, the spaces C(K1)∗ and C(K2)∗ are not half-pcc and hence not
weakly pcc. Separability of K1 implies that C(K1)∗ is weak∗-separable while non-separability and scatteredness of K2 imply
that C(K1)∗ fails to be weak∗-separable.
(iii) The Banach space C(K2) is half-pcc, but the space C(K2)∗w∗ contains a homeomorphic copy of the non-separable
(sequentially) compact space K2; this gives a negative answer to [24, Question 3].
We shall construct one more example of a non-metrizable compact space with weakly pcc function space. This compact
space differs from the above spaces K1 and K2, and it answers some problems from [7] and [2]. The construction is related
to that given for [18, Example 2.11] and it depends on the set-theoretic principle ♦ which is valid in the constructible
universe. Recall that ♦ is the following statement:
There are sets Aα ⊂ α, for α ∈ ω1, such that
for every A ⊂ ω1, {α < ω1: A ∩ α = Aα} is stationary.
2.17. Example. (♦) There exists a compact Hausdorff space K3 such that K3 admits a ﬁnite-to-one continuous mapping onto
the ordinal space ω1 + 1 and C(K3) is weakly pcc.
Proof. We assume that axiom ♦ holds, and we use it to construct a compact topology on ω1 + 1. Intuitively, we construct
the space K from the linearly ordered space ω1 +1 = [0,ω1] by “splitting” some limit ordinals α < ω1 and their neighbour-
hoods into ﬁnitely many parts. For technical reasons, we do not want to introduce any new points to ω1 + 1, and therefore
we use α, α+1, . . . ,α+n as the “new” points. To construct the new topology, we ﬁrst deﬁne by induction a set Wα ⊂ α+1
for each α ω1; then we shall use these sets to deﬁne the topology.
Let 〈Fγ : γ < ω1〉 be an enumeration of [ω1]<ω . Let δ ω1 and let γι ∈ ω1 for each ι < δ. We say that 〈γι: ι < δ〉 is an
“orderly sequence” provided that for all ι < ν < δ, we have that
max
({γι} ∪ Fγι)+ ωmin({γν} ∪ Fγν ).
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sists of those elements α of ω1 for which we have {Fσ : σ ∈ Aα} ⊂ [ω1]k and there exists an orderly sequence 〈σn: n < ω〉
such that supn∈ω σn = α and σi ∈ Aα for every i ∈ ω. Note that the sets Sk , k = 2,3, . . . , are mutually disjoint. For α ∈ S , de-
ﬁne k(α) ∈ ω by the condition that α ∈ Sk(α) . Set Sˆ = {α+ i: α ∈ S and i < k(α)}, and for β = α+ i ∈ Sˆ , set β¯ = α+k(α)−1.
For β ∈ ω1 \ Sˆ , set β¯ = β .
We now deﬁne the sets Wα . For every α ∈ (ω1 + 1) \ Sˆ , we set Wα = α + 1. For α ∈ Sk , we deﬁne the sets Wα+i , for
i < k inductively as follows. Fix an orderly sequence 〈σn: n < ω〉 with the properties mentioned above. For every n < ω, let
{ρn,0, . . . , ρn,k−1} be an increasing enumeration of the k-set Fσn . For all n and i, we let νn,i = max({0}∪ {ρ¯m, j: ρ¯m, j < ρn,i}).
We set Vα = α and, for each 0< i < k, we set
Vα+i =
⋃
n∈ω
Wρn,i ∩ (νn,i,ρn,i].
Finally, we set
Wα+i = {α + i} ∪
(
Vα+i \
⋃
i< jk
Vα+ j
)
.
Note that we have ρn,i ∈ Wα+i for every n < ω. Also note that the sets Wα+i , for i  k, form a partition of the set α+k+1.
By induction, it is easy to verify the following property of the sets Wα : for every α ∈ ω1 + 1 and for every β ∈ Wα ,
there exists a γ with γ¯ < β and Wβ ∩ (γ ,β] ⊂ Wα . Using this property, we see that there exists a topology τ on the set
ω1 + 1 such that, for every α  ω1, the family {Wα ∩ (γ¯ ,α]: γ¯ < α} is a clopen neighbourhood-base of α in (ω1 + 1, τ ).
Let us denote the space (ω1 + 1, τ ) by K3. Note that, since Wα ⊂ α + 1 for every α, the space K3 is scattered. Clearly, K3 is
a Hausdorff space. From the deﬁnition of the sets Wα it follows that the ﬁnite-to-one mapping f from K3 onto the ordinal
space ω1 + 1, deﬁned by setting f (α) = α if α /∈ Sˆ and f (α + i) = α if α ∈ S and i  k(α), is closed and continuous. As
a consequence, the space K3 is compact, scattered and non-separable.
By the remark made after Proposition 2.2, the pointwise pcc-property of C(K3) follows once we show that for every
m = 2,3, . . . and for every uncountable subset A of [K3]m , there exist distinct members {xi1, . . . , xim}, i ∈ ω, of A and an m-
subset {y1, . . . , ym} of K such that xik → yk for every k = 1, . . . ,m. So let m 2 and an uncountable subset A of [K3]m be
given. Let B be an uncountable subset of A such that B is a Δ-system with root R . Let C = {B \R: B ∈ B and ω1 /∈ B \R}. Let
|R| =m − k, and note that C is an uncountable family of mutually disjoint k-subsets of ω1. By induction, we can construct
an orderly sequence 〈ηι: ι < ω1〉 such that Fηι ∈ C for every ι ∈ ω1. Let E = {ηι: ι < ω1} and denote by E ′ the set of all
accumulation points of E in the order topology of ω1; note that E ′ is uncountable and closed in the order topology. By the
principle ♦, we know that there will be a θ ∈ E ′ , θ > max R , such that Aθ = E ∩ θ . Since we have that θ ∈ E ′ , Aθ ⊂ E and
{Fσ : σ ∈ E} ⊂ [ω1]k , we see that θ ∈ Sk .
Let 〈σn: n < ω〉 be that orderly sequence which was used in the deﬁnition of Wθ . Note that since Aθ = E ∩ θ , we have,
for each n ∈ ω, that σn ∈ E and hence that Fσn ∈ C; it follows from this that Fσn ∪ R ∈ A. The members Fσn ∪ R , n ∈ ω, of A
are clearly distinct. For every n, let {ρn,0, . . . , ρn,k−1} be an increasing enumeration of the set Fσn . For every i < k, it follows
from the deﬁnition of the set Wθ+i and of the basic neighbourhoods of the point θ + i, that we have ρn,i → θ + i in K3.
Since R ∪ {θ + i: i < k} ∈ [K3]m , we have completed the proof that C(K3) is pointwise pcc. Since K3 is scattered, it follows
from Lemma 2.13 that C(K3) is weakly pcc. 
Since the space K3 above admits a ﬁnite-to-one continuous mapping into ω1 + 1, every separable subspace of K3 is
countable. It follows that we have |A| = |A| for every A ⊂ K3. As a consequence, the space K3 is monolithic. Since K3 is
non-metrizable, we have a counterexample, under ♦, to Problem 72 of [7]; moreover, by Proposition 11.19 of the same
paper, there cannot exist any continuous one-to-one mapping from Cp(K3) into a Σ-product of real lines; hence we also
have a counterexample, under ♦, to Problem 74 of [7].
(Our examples K2 and K3 also provide a solution to Problem 71 of [7]; however, that problem had already been solved
before it was posed, by the result of [8] mentioned above that Cp(K ) is pcc for every extremally disconnected compact
space K .)
We list below some differences between the spaces C(Ki) of the previous examples and Kunen’s space C(Ku).
(i) In C(Ku), all biorthogonal systems are countable, while both C(K2) and C(K3) have an uncountable system of the
form {(χ {x}, ex): x ∈ I}, where I is a set of isolated points and ex denotes the evaluation mapping φ → φ(x). Also C(K1) has
an uncountable biorthogonal system. Note that, by Corollary 1.15, none of the spaces C(Ki) nor C(Ku) admits a fundamental
biorthogonal system.
(Todorcˇevic´ has shown, in ZFC, that a compact Hausdorff space L is hereditarily separable if all biorthogonal systems
in C(L) are countable [52, Theorem 10].)
(ii) Since C(K1)∗ and C(Ku)∗ are weak∗-separable, C(K1) and C(Ku) admit bounded one-to-one linear mappings into c0;
on the other hand, C(K2)∗ and C(K3)∗ are not weak∗-separable, and Proposition 1.16 shows that neither C(K2) nor C(K3)
admits such a mapping into a WLD Banach space.
(For other examples of scattered compact spaces S with C(S) admitting no bounded one-to-one linear mapping into
a WLD-space, see [11]; by Example 2.4 and Lemma 2.5, those spaces C(S) are not half-pcc, because the spaces S contain
copies of A(ω1).)
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now show, the spaces C(K2) and C(K3) have “nice” linear subspaces which fail to be half-pcc.
Let K = K2 or K = K3, and denote by I the (uncountable) set consisting of all isolated points of K . Further, denote by H
the closed linear subspace { f ∈ C(K ): f |(K \ I) ≡ 0} of C(K ), and note that H is linearly isometric with c0(I).
Let K = K3. Then K admits a continuous mapping onto the ordinal space ω1 + 1, and it follows that the space C(K )
contains a subspace J linearly isometric with the space C(ω1 + 1).
Let F = H or F = J . By Examples 1.9 and 2.4, the subspace F fails to be weakly pcc, and it follows by Corollary 1.3, that
F is non-complemented in C(K ) in a strong way: there exists no weak-to-weak continuous mapping (linear or non-linear)
sending C(K ) to a dense subspace of F .
(iv) It follows from Proposition 1.18 that none of the spaces C(Ki) or C(Ku) has a (weak) PRI for any equivalent norm.
However, the space C(K3) does admit a kind of a “discontinuous PRI”. Recall the deﬁnition of the set Sˆ in Example 2.17,
and take a strictly increasing ω1-sequence 〈βα〉α<ω1 of elements of ω1 \ Sˆ . For every α < ω1, deﬁne Pα :C(K3) → C(K3) by
setting Pα( f )(γ ) = f (γ ) for γ  βα and Pα( f )(γ ) = f (βα) for γ > βα . Then the sequence 〈Pα〉α<ω1 consists of norm-one
projections which satisfy the compatibility condition that Pα ◦ Pδ = Pδ ◦ Pα = Pδ whenever ω δ  α < ω1; moreover, each
Pα(C(K )) is separable, and we have that
⋃
α<ω1
Pα(C(K3)) = C(K3). The only thing missing from the deﬁnition of a PRI is
the continuity condition:
⋃
δ<α Pδ(C(K )) = Pα(C(K )) for limit ordinals α.
The space C(Ku) does not admit even a “discontinuous PRI”: if 〈Pα〉α<ω1 would be such a PRI for C(Ku), then the
increasing ω1-sequence 〈C(Ku) \ Ker(Pα)〉α<ω1 of weakly open sets would violate hereditary Lindelöfness of Cw(Ku).
(v) In remark (ii) following Example 2.16, we noted that the spaces C(K1) and C(K2) admit equivalent LUR-norms. Since
the space C(Ku) is non-separable and hereditarily weakly Lindelöf, it does not even have an equivalent Kadecˇ norm: such
a norm would have a norm-separable unit sphere. On the other hand, it follows from results of [25] that C(K2) and C(K3)
have equivalent norms with the Mazur Intersection Property while the space C(Ku) does not.
Note that if 〈Pα〉α<ω1 is a “discontinuous PRI” for C(K3), as in (iv) above, then every separable linear subspace of C(K3)
is contained in one of the complemented separable subspaces Pα(C(K3)). Hence C(K3) has the “separable complementation
property” (SCP), and Sobczyk’s theorem implies that every copy of c0 in C(K3) is complemented. By (iii) above, C(K3) con-
tains an uncomplemented copy of c0(ω1); as a consequence, C(K3) gives a consistent negative answer to [2, Questions (1)
and (2) on p. 754].
W. Kubis´ [31] has constructed, in ZFC, a compact Hausdorff space Kω1 of weight ω1 such that the space C(Kω1 ) has SCP
but does not admit a WPRI. The space Kω1 is linearly orderable, and it follows from Proposition 2.11 that C(Kω1 ) is not
pointwise pcc.
We mentioned above that the space K3 is monolithic, but we do not know of any absolute example of a non-metrizable
monolithic compact Hausdorff space K such that C(K ) is half-pcc. Note that the spaces K3 and Ku have properties which
cannot all simultaneously hold in ZFC. It follows by the remark made after Lemma 2.5 that K3 does not contain a copy
of ω1 while results of [9] show it to be consistent with ZFC that every compact space admitting a continuous ﬁnite-to-
one mapping onto ω1 + 1 contains a copy of ω1. On the other hand, a result of Kunen shows that his space Ku cannot
exist under MA + ¬CH: under that assumption, a compact Hausdorff space X is metrizable if Xn is hereditarily separable
for every n ∈ N [32]. Moreover, both C(K3) and C(Ku) have density ω1, and it has recently been proved consistent by
Todorcˇevic´ [52, Corollary 6] that no Banach space of density ω1 is half-pcc.
Consideration of densities of non-separable half-pcc Banach spaces leads to some problems on “small uncountable cardi-
nals”. Our absolute examples of non-separable weakly pcc Banach spaces, the spaces C(K1) and C(K2), have density c. If we
denote by pcc the smallest density of a non-separable half-pcc Banach space, then we have that pcc  c, and the result of
Todorcˇevic´ mentioned above shows that it is consistent that pcc > ω1. We do not know whether the cardinal pcc coincides
with any of the known “small cardinals” (such as those considered in [16]). On the other hand, it may turn out that pcc
is not an interesting cardinal: for example, if the following problem has a positive solution, then pcc is simply the cardinal
min(c,ω2).
2.18. Problem. Does there exist, in ZFC, a half-pcc Banach space of density ω2?
3. Chain conditions for weak∗-topologies
In this last section, we shall brieﬂy consider the pcc-property for the weak∗-topology (or the weak∗-pcc property) of
a dual Banach space, and we shall point out connections to some properties of Banach spaces introduced and studied by
R.F. Wheeler in [55]. Note that, even though we continue to consider “chain conditions”, we are not anymore pursuing the
study of “almost separable” Banach spaces.
Every weakly pcc dual Banach space is weak∗-pcc, but the converse does not hold in general: the space (1)∗ is weak∗-
separable and hence weak∗-pcc, but this space is not weakly pcc, since (1)∗ ≈ ∞ . Since (c0)∗∗ ≈ (1)∗ ≈ ∞ , we also see
that the bidual of a weakly pcc space may fail to be weakly pcc. However, since the space Ew embeds as a dense set in E∗∗w∗ ,
Lemma 1.2(c) gives the following result.
3.1. Proposition. The bidual of a weakly pcc Banach space is weak∗-pcc.
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pcc bidual.
The space (∞)∗∗ is an example of a bidual Banach space which is not weak∗-pcc: if T :∞ → 2(c) is the linear mapping
mentioned in the proof of Example 1.9(ii), then (after suitable identiﬁcations) T ∗∗ maps (∞)∗∗ onto a dense subspace
of 2(c) and T ∗∗ is weak∗-to-weak continuous; hence Corollary 1.3 and Example 1.9(i) show that (∞)∗∗ is not weak∗-pcc.
3.2. Deﬁnition. ([55]) Let E be a Banach space with closed unit ball BE . We say that
– E has the retraction property (RP) if the set BE is a retract in the space Ew .
– E satisﬁes ball-ccc if BE is ccc in the relative weak topology.
– E satisﬁes the Dunford–Pettis–Phillips property (DP3) provided that every weakly compact operator with domain E has
separable range.
(Wheeler used the term ccc for the above ball-ccc property, but that terminology may lead to confusion.)
Wheeler showed that RP ⇒ ball-ccc ⇒ DP3. Example 1.9 and [55, Theorem 2] show that the retraction property does
not imply the half-pcc property. On the other hand, [55, Theorem 9] characterizes DP3 by the condition that every weakly
compact subset of the dual is metrizable; as a consequence, we can reformulate Proposition 1.7 above as follows.
3.3. Proposition. Every half-pcc Banach space has DP3.
Kunen’s space C(Ku) and the spaces C(Ki) of Examples 2.15–2.17, equipped with their sup-norms, have the retraction
property, by Theorem 2 of [55]. On the other hand, the spaces C(K1) and C(K2) have equivalent norms without ball-ccc, by
remark (ii) following Example 2.16 and Proposition 3.5 below. We do not know whether Shelah’s space Sh has RP or even
ball-ccc; in general, the following problem is open.
3.4. Problem. Does every weakly pcc (or every half-pcc) Banach space have an equivalent norm with ball-ccc?
It follows from Proposition 3.3 and [55, Theorems 10, 14 and 15] that the problem has a positive solution for C(K )-spaces
and for their duals as well as for L1(μ)-spaces.
3.5. Proposition. If a Banach space has a Kadecˇ norm with ball-ccc, then the space is separable.
Proof. Let ‖ · ‖ be a Kadecˇ norm for an inﬁnite-dimensional Banach space E such that the unit ball BE = {x ∈ E: ‖x‖ 1} is
ccc in the relative weak topology. The unit sphere SE is weakly dense in BE , and it follows that SE is ccc in the relative weak
topology. Since ‖ · ‖ is Kadecˇ, the relative weak topology on SE coincides with the relative norm topology. As a consequence,
SE is ccc, and hence separable, in the norm topology. It follows that E is separable. 
[55, Question C] asks whether RP is an isomorphic property of Banach spaces, but the above result and the remarks
made after Proposition 3.3 above show that the answer is “no”. We can also see this using a more familiar example.
By [55, Theorem 2], the non-separable space c0(ω1) has RP with respect to the supremum-norm. Results of [13] and [44]
show that c0(ω1) has an equivalent LUR-norm ‖ · ‖, and the above result shows that c0(ω1) is not ball-ccc, and hence does
not have RP, with respect to ‖ · ‖.
The examples above also show that ball-ccc is not an isomorphic property. Since DP3 is (obviously) an isomorphic
property, these examples also answer a part of [55, Question E].
Let E be a dual Banach space, equipped with some norm equivalent with the dual norm. We say that E has weak∗-
ball-ccc if BE is ccc in the relative weak∗-topology. It turns out that this property is stronger than the weak∗-pcc property.
3.6. Proposition. A dual Banach space is weak∗-pcc provided that the space is weak∗-ball-ccc with respect to some equivalent norm.
Proof. We consider here the dual Banach space D (and all its subsets) topologized by the (relative) weak∗-topology. Let ‖ · ‖
be an equivalent norm for D such that BD is ccc. Then the closure of BD is ccc and compact, and hence it is pcc, by the
result of Rosenthal mentioned above. It follows that D is the union of countably many pcc-subspaces, and Lemma 1.2(b)
shows that D is pcc. 
Let E be a weakly pcc Banach space. According to Proposition 3.1, the space E∗∗ is weak∗-pcc. The same conclusion holds
for all ball-ccc Banach spaces.
3.7. Corollary. The bidual of a ball-ccc Banach space is weak∗-pcc.
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desired conclusion follows from Proposition 3.6. 
The space c0(ω1) has ball-ccc (with respect to the supremum-norm), and hence this space serves as an example of
a non-weakly-pcc Banach space with a weak∗-pcc bidual.
In light of the above results, one can raise a weak∗-analogue of Problem 3.4: in the weak∗-topology of a dual Banach
space, does pcc-property imply the ball-ccc property? For a C(K )-space (with its dual equipped with the “dual supremum-
norm”), we can use results from [55] to obtain a positive solution to this modiﬁed problem.
3.8. Proposition. The following are equivalent for a compact Hausdorff space K :
A. C(K )∗ is weak∗-pcc.
B. C(K )∗ is weak∗-ball-ccc.
C. Kω is ccc.
Proof. The equivalence of B and C is the content of [55, Theorem 12] (since Kω is ccc if, and only if, Kn is ccc for every
n = 1,2, . . .), and Proposition 3.6 shows that B ⇒ A. To complete the proof, we observe that Wheeler’s proof for B ⇒ C also
shows that A ⇒ C:
Assume that there exists n 1 such that Kn is not ccc. Let {Gα: α < ω1} be a disjoint family of non-empty open subsets
of Kn . We may assume that each Gα is of the form
∏n
k=1 f
−1
α,k(0,1] for some fα,k ∈ C(K , [0,1]) with ‖ fα,k‖∞ = 1. For
every α, let
Hα =
{
μ ∈ C(K )∗: μ( fα,k) > 1n + 1 for each k = 1, . . . ,n
}
,
and note that Hα is non-empty and weak∗-open.
For μ ∈ C(K )∗ , denote by μn the product measure deﬁned on Kn . Note that if μ ∈ Hα , then |μ|n(Gα) > ( 1n+1 )n . It follows,
since the measure |μ|n is ﬁnite and the sets Gα are mutually disjoint, that we can have μ ∈ Hα only for ﬁnitely many α.
Hence the uncountable weak∗-open family {Hα: α < ω1} is point-ﬁnite, and this shows that C(K )∗ is not weak∗-pcc. 
One familiar class of topological spaces satisfying condition C above is formed by the separable spaces. However, for
a separable compact space K , the implication C ⇒ A above is a simple consequence of separability of the space (C(K )∗)w∗ .
A less trivial consequence of Proposition 3.8 is that C(K )∗ is weak∗-pcc for every compact Hausdorff Shanin space (recall
that Shanin’s property is productive and implies ccc).
References
[1] D. Amir, J. Lindenstrauss, The structure of weakly compact sets in Banach spaces, Ann. of Math. (2) 88 (1968) 35–46.
[2] S. Argyros, J.F. Castillo, A.S. Granero, M. Jiménez, J.P. Moreno, Complementation and embeddings of c0(I) in Banach spaces, Proc. London Math. Soc. (3)
85 (2002) 742–768.
[3] S. Argyros, S. Mercourakis, On weakly Lindelöf Banach spaces, Rocky Mountain J. Math. 23 (1993) 395–446.
[4] S. Argyros, S. Mercourakis, S. Negrepontis, Functional-analytic properties of Corson-compact spaces, Studia Math. 89 (1988) 197–229.
[5] A.V. Arkhangel’skii, On some topological spaces that occur in functional analysis, Russian Math. Surveys 31 (5) (1976) 17–31.
[6] A.V. Arkhangel’skii, Topological Function Spaces, Kluwer Acad. Publ., Dordrecht, 1992.
[7] A.V. Arkhangel’skii, Cp -theory, in: M. Hušek, J. van Mill (Eds.), Recent Progress in General Topology, North-Holland Publ. Co., Amsterdam, 1992, pp. 1–
56.
[8] A.V. Arkhangel’skii, V.V. Tkacˇhuk, Calibers and point-ﬁnite cellularity of the space Cp(X) and some questions of S. Gul’ko and M. Husek, Topology
Appl. 23 (1986) 65–72.
[9] Z. Balogh, A. Dow, D.H. Fremlin, P.J. Nyikos, Countable tightness and proper forcing, Bull. Amer. Math. Soc. 19 (1988) 295–298.
[10] B. Cascales, I. Namioka, J. Orihuela, The Lindelöf property in Banach spaces, Studia Math. 154 (2003) 165–192.
[11] K. Ciesielski, R. Pol, A weakly Lindelöf function space C(K ) without any continuous injection into c0(Γ ), Bull. Pol. Acad. Sci. Math. 32 (1984) 681–688.
[12] H.H. Corson, The weak topology of a Banach space, Trans. Amer. Math. Soc. 101 (1961) 1–15.
[13] M.M. Day, Strict convexity and smoothness of normed spaces, Trans. Amer. Math. Soc. 78 (1955) 516–528.
[14] R. Deville, G. Godefroy, V. Zizler, Smoothness and Renormings of Banach Spaces, Pitman Monogr. Surveys Pure Appl. Math., vol. 64, Longman Scientiﬁc
and Technical, 1993.
[15] J. Diestel, Geometry of Banach Spaces—Selected Topics, Lecture Notes in Math., vol. 485, Springer-Verlag, 1975.
[16] E.K. van Douwen, The integers and topology, in: K. Kunen, J.E. Vaughan (Eds.), Handbook of Set-Theoretic Topology, North-Holland Publ. Co., Amster-
dam, 1984, pp. 111–167.
[17] E.K. van Douwen, H.H. Wicke, A real, weird topology on the reals, Houston J. Math. 3 (1977) 141–152.
[18] A. Dow, H. Junnila, J. Pelant, Weak covering properties of weak topologies, Proc. London Math. Soc. (3) 75 (1997) 349–368.
[19] R. Engelking, General Topology, PWN, Warszawa, 1977.
[20] M. Fabian, Gâteaux Differentiability of Convex Functions and Topology. Weak Asplund Spaces, Wiley, New York, 1997.
[21] C. Finet, G. Godefroy, Biorthogonal systems and big quotient spaces, in: Bor-Luh Lin (Ed.), Banach Space Theory, Proceedings of a Research Workshop
Held at Iowa University, Iowa City, 1987, in: Contemp. Math., vol. 85, 1989, pp. 87–110.
[22] A. Granero, M. Jiménez, A. Montesinos, J.P. Moreno, A. Plichko, On the Kunen–Shelah properties in Banach spaces, Studia Math. 157 (2003) 97–120.
[23] R.G. Haydon, C.A. Rogers, A locally uniformly convex renorming for certain C(K ), Mathematika 37 (1990) 1–8.
1344 A. Dow et al. / Topology and its Applications 156 (2009) 1327–1344[24] P. Holický, M. Šmídek, L. Zajícˇek, Convex functions with non-Borel set of Gaˇteaux differentiability points, Comment. Math. Univ. Carolin. 39 (1998)
469–482.
[25] M. Jiménez, J.P. Moreno, Renorming Banach spaces with the Mazur intersection property, J. Funct. Anal. 144 (1997) 486–504.
[26] I. Juhász, Z. Szentmiklóssy, Convergent free sequences in compact spaces, Proc. Amer. Math. Soc. 116 (1992) 1153–1160.
[27] H.J.K. Junnila, On countability of point-ﬁnite families of sets, Canad. J. Math. 31 (1979) 673–679.
[28] N.D. Kalamidas, G.D. Spiliopoulos, Compact sets in Cp(X) and calibers, Canad. Math. Bull. 35 (1992) 497–502.
[29] O. Kalenda, Embedding the ordinal segment [0,ω1] into continuous images of Valdivia compacta, Comment. Math. Univ. Carolin. 40 (1999) 777–783.
[30] O. Kalenda, Valdivia compact spaces in topology and Banach space theory, Extracta Math. 15 (2000) 1–85.
[31] W. Kubis´, Linearly ordered compacta and Banach spaces with a projectional resolution of the identity, Topology Appl. 154 (2007) 749–757.
[32] K. Kunen, Strong S and L spaces under MA, in: G.M. Reed (Ed.), Set-Theoretic Topology, Academic Press, New York, 1977, pp. 265–268.
[33] K. Kunen, Set Theory, an Introduction to Independence Proofs, North-Holland Publ. Co., Amsterdam, 1980.
[34] A.J. Lazar, Points of support for closed convex sets, Illinois J. Math. 25 (1981) 302–305.
[35] J. Lindenstrauss, Weakly compact sets—their topological properties and the Banach spaces they generate, in: Ann. of Math. Stud., vol. 69, Princeton
Univ. Press, 1972, pp. 235–276.
[36] S. Mercourakis, S. Negrepontis, Banach spaces and topology II, in: M. Hušek, J. van Mill (Eds.), Recent Progress in General Topology, North-Holland
Publ. Co., Amsterdam, 1992, pp. 491–536.
[37] I. Namioka, R.R. Phelps, Banach spaces which are Asplund spaces, Duke Math. J. 42 (1975) 735–750.
[38] S. Negrepontis, Banach spaces and topology, in: K. Kunen, J.E. Vaughan (Eds.), Handbook of Set-Theoretic Topology, North-Holland Publ. Co., Amsterdam,
1984, pp. 1045–1142.
[39] L. Oncina, Descriptive Banach spaces and Eberlein compacts, Doctoral Thesis, University of Murcia, 1999.
[40] C. Pixley, P. Roy, Uncompletable Moore spaces, in: Proc. Auburn Topology Confer., Auburn Univ., Auburn, AL, March 1969, pp. 75–85.
[41] A. Plichko, Existence of a bounded total biorthogonal system in a Banach space, Teor. Funktsiı˘ Funktsional. Anal. i Prilozhen. 33 (1980) 111–118 (in
Russian).
[42] A. Plichko, D. Yost, Complemented and uncomplemented subspaces of Banach spaces, Extracta Math. 15 (2000) 335–371.
[43] T.C. Przymusin´ski, On the notion of n-cardinality, Proc. Amer. Math. Soc. 69 (1978) 333–338.
[44] J. Rainwater, Local uniform convexity of Day’s norm on c0(Γ ), Proc. Amer. Math. Soc. 22 (1969) 335–339.
[45] H.P. Rosenthal, On quasi-complemented subspaces of Banach spaces, with an appendix on compactness of operators from Lp(μ) to Lr(μ), J. Funct.
Anal. 2 (1969) 176–214.
[46] H.P. Rosenthal, On injective Banach spaces and the spaces L∞(μ) for ﬁnite measures μ, Acta Math. 124 (1970) 205–248.
[47] N.A. Shanin, On the product of topological spaces, Tr. Mat. Inst. Steklova 24 (1948) 112 (in Russian).
[48] S. Shelah, Uncountable constructions for B.A., e.c. groups and Banach spaces, Israel J. Math. 51 (1985) 273–297.
[49] D.T. Stoeva, Existence of strong M-bases in non-separable Banach spaces, Annuaire Univ. Soﬁa Fac. Math. Inform. 96 (2004) 155–161.
[50] F.D. Tall, The countable chain condition versus separability—applications of Martin’s axiom, Gen. Topol. Appl. 4 (1974) 315–339.
[51] V.V. Tkacˇhuk, On cardinal invariants of Suslin number type, Soviet Math. Dokl. 27 (1983) 681–683.
[52] S. Todorcˇevic´, Biorthogonal systems and quotient spaces via Baire category methods, Math. Ann. 335 (2006) 687–715.
[53] M. Valdivia, Projective resolution of identity in C(K )-spaces, Arch. Math. (Basel) 54 (1990) 493–498.
[54] J. Vanderwerff, J.H.M. Whitﬁeld, V. Zizler, Markuševicˇ bases and Corson compact spaces in duality, Canad. J. Math. 46 (1994) 200–211.
[55] R.F. Wheeler, The retraction property, ccc property, and Dunford–Pettis–Phillips property for Banach spaces, in: D. Kölzow, D. Maharam-Stone (Eds.),
Measure Theory, Oberwolfach, 1981, in: Lecture Notes in Math., vol. 945, Springer-Verlag, Berlin, New York, 1982, pp. 252–262.
[56] H.X. Zhou, On the small diagonals, Topology Appl. 13 (1982) 283–293.
[57] V. Zizler, Locally uniformly rotund renorming and decomposition of Banach spaces, Bull. Austral. Math. Soc. 29 (1984) 259–265.
